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Abstract 

A classical result in the theory of Hopf algebras concerns the uniqueness and existence of inte- 
grals: for an arbitrary Hopf algebra, the integral space has dimension < 1, and for a finite dimensional 
Hopf algebra, this dimension is exaclty one. We generalize these results to quasi-Hopf algebras and 
dual quasi-Hopf algebras. In particular, it will follow that the bijectivity of the antipode follows from 
the other axioms of a finite dimensional quasi-Hopf algebra. We give a new version of the Funda- 
mental Theorem for quasi-Hopf algebras. We show that a dual quasi-Hopf algebra is co-Frobenius if 
and only if it has a non-zero integral. In this case, the space of left or right integrals has dimension 
one. 

Introduction 

Quasi -bialgebras and quasi-Hopf algebras were introduced by Drinfeld in [|T0|], in connection with the 
Knizhnik-Zamolodchikov system of partial differential equations, cf. [|l4]]. From a categorical point of 
view, the notion is not so different from classical bialgebras: we consider an algebra H, and we want 
to make the category of //-modules, equipped with the tensor product of vector spaces, into a monoidal 
category. If we require that the associativity constraint is the natural associativity condition for vector 
spaces, then we obtain a bialgebra structure on H, in general, we obtain a quasi-bialgebra structure, that 
is, we have a comultiplication and a counit on H, where the comultiplication is not necessarily coasso- 
ciative, but only quasi-coassociative. 

Of course the theory of quasi-bialgebras and quasi-Hopf algebras is technically more complicated than 
the classical Hopf algebra theory. A more conceptual difference however, is the fact that the definition 
of a bialgebra is self-dual, and this symmetry is broken when we pass to quasi-bialgebras. As a conse- 
quence, we don't have the notion of comodule or Hopf module over a quasi-Hopf algebra, and results in 
Hopf algebras that depend on these notions cannot be generalized in a straightforward way. For instance, 
the classical proof of the uniqueness and existence of integral is based on the Fundamental Theorem for 
Hopf modules 

Hausser and Nill []13[] proved that a finite dimensional quasi-Hopf algebra is a Frobenius algebra, and has 



a one dimensional integral space. Independently, Panaite and Van Oystaeyen [19] proved the existence 
of integrals for finite dimensional quasi-Hopf algebras, using the approach developed in pq], without 
using quasi-Hopf bimodules. 

*Research supported by the bilateral project "Hopf Algebras in Algebra, Topology, Geometry and Physics" of the Flemish 
and Romanian governments. 

< This paper was written while the first author was visiting the Vrije Universiteit Brussel, and he would like to thank VUB 
for its warm hospitality. 



1 



For a finite dimensional Hopf algebra H, it follows from the Fundamental Theorem that f t H ®H* and H 
are isomorphic as Hopf modules. In Section \Q we will see that the isomorphism survives as a left H- 
linear isomorphism in the case of a finite dimensional quasi-Hopf algebra. The method of proof is quite 
different from the classical one: the isomorphism is constructed explicitly, using the projection of H onto 
the integral space constructed in JT9[]. In Drinfeld's original definition [[K]], the antipode of a quasi-Hopf 
algebra is required to be bijective. Actually our proof of jj 1 ®H* = H does not use this bijectivity, and 
has as a consequence that, for a finite dimensional quasi-Hopf algebra, the bijectivity of the antipode 
follows from the other axioms; another consequence is that the integral space is one-dimensional. In a 
recent preprint [^2|], Schauenburg gave a different proof of the fact that the antipode of a finite dimen- 
sional quasi-Hopf Hopf algebra is bijective. 

The infinite dimensional case is treated as well. We show that a quasi-Hopf algebra (without the as- 
sumption that the antipode is bijective) is finite dimensional if and only if the antipode is bijective and 
the integral space is non-zero. The integral space of an infinite dimensional quasi-Hopf algebra with 
bijective antipode is zero. A semisimple Hopf algebra with bijective antipode is finite dimensional. 
Hausser and Nill [13] also introduced cointegrals on a finite dimensional quasi-Hopf algebra; these coin- 
tegrals are elements of the dual space H*, and, using a Structure Theorem for quasi-Hopf bimodules, 
Hausser and Nill prove that the space of cointegrals L is one-dimensional, and that all non-zero integrals 
are nondegenerate. In Section ||, we further investigate cointegrals. In [13], it is asked whether there is a 
connection between the projection of H onto the space of integrals from QlSfl, and the projection of H* 
onto the space of cointegrals, introduced in [|l3j]. This is done in Lemma [3.2[ and, as an application, we 
give some characterizations of cointegrals, see Proposition 3A . 

In the second part of Section ||, we propose an alternative definition of the space of coinvariants of a 
quasi-Hopf bimodule. This alternative space of coinvariants is isomorphic to the Hausser-Nill space of 
coinvariants, and can be used to give a second version of the Structure Theorem. Our alternative has nev- 
ertheless two advantages, compared to the Hausser-Nill approach: first, it is invariant under the adjoint 
action (cf. Lemma ^6| ). Secondly, in the finite dimensional case, it gives rise to an alternative definition 
of cointegral: we take the alternative coinvariants of H*. If we write down this formula explicitely, we 
obtain a formula that still makes sense in the infinite dimensional case, so we obtain a plausible definition 
for cointegrals in the infinite dimensional case. 

As we have already pointed out, the definition of quasi-Hopf algebra is not self-dual. Actually, we can 
introduce dual quasi-Hopf algebras, these are coalgebras, with a multiplication that is not associative, but 
only quasi-associative. In Section |J we introduce integrals in dual quasi-Hopf algebras. We were able 
to prove that the rational dual of a dual quasi-Hopf algebra A is isomorphic as a comodule to the tensor 
product of A itself and the integral space. This generalizes the classical statement for Hopf algebras 
(see [24]), but, again, we have to give a direct proof, and cannot deduce the statement from a Structure 
Theorem. As in the classical case, it then follows immediately that the integral space is zero if and only 
if the rational dual is zero. Also we can use the integrals to investigate properties of a dual quasi-Hopf 
algebra A as a coalgebra (Theorem 15). The existence of a non-zero integral is equivalent to A being a 
co-Frobenius coalgebra, a QcF coalgebra, or a left semiperfect coalgebra. Moreover, for a dual quasi- 
Hopf algebra, all these notions are left-right symmetric. Furthermore the existence of a non-zero integral 
is equivalent to A being a generator or a projective object in the category of (left or right) comodules. 
As a first application of this coalgebraic viewpoint, we find that a dual quasi-Hopf subalgebra of a dual 
quasi-Hopf algebra with non-zero integral has non-zero integrals. Secondly, it follows that non-zero in- 
tegrals are unique up to multiplication by a scalar. Also we can give the connection between left and 
right integrals (Proposition |4.9[ ), and this generalizes [||, Proposition 1.3]. We were able to prove that the 
antipode of a dual quasi-Hopf algebra with a non-zero integral is injective, but it remains open if it is also 
surjective, as it is the case for a classical Hopf algebra, see [20]. Our final result is Maschke's Theorem 
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for dual quasi-Hopf algebras (Theorem |4.10| ), stating that a dual quasi-Hopf algebra is cosemisimple if 
and only there exists an integral T such that T{\) = 1. 

When we pass from bialgebras and Hopf algebras to quasi-bialgebras and quasi-Hopf algebras, the ap- 
pearance of the reassociator and the elements a and [3 in the definition of the antipode, considerably 
increase the complexity of computations and proofs. This observation is not new, other authors who 
have been working on quasi-Hopf algebras experienced this before us. However, the philosophy is ba- 
sically the same as in the case of usual bialgebras: the idea is to make the category of A-modules into a 
monoidal category. Recently, Schauenburg proposed an alternative approach to proving results on quasi- 
bialgebras, exploiting the categorical ideas behind quasi-bialgebras, and replacing the computational 



arguments using the Sweedler notation by conceptual arguments (see [ |22| ] for detail). At this moment 
is not clear to us whether Schauenburg's ideas can be used to give alternative and/or more transparant 
proofs of the results in this paper. 

1 Preliminaries 

We work over a commutative field k. All algebras, linear spaces etc. will be over k; unadorned ® means 



Following Drinfeld [10], a quasi-bialgebra is a four-tuple (H, A, £,<!>) where H is an associative 
algebra with unit, <I> is an invertible element in H £g> H eg H, and A : H — > H ®H and £ : H — > k are 
algebra homomorphisms satisfying the identities 

(irf®A)(A(fc)) =<t>{A®id)(A(h))<t>-\ (1.1) 

(id®e)(AQi))=h®l, (e®id)(A(h)) = l®h, (1.2) 
for all h G H, and <1> has to be a 3-cocycle, in the sense that 

(l®<I>)(W®A(gud)(0)(<J>(g>l) = (id<g>id®A)(®)(A®id<g>id)(&), (1.3) 

(id<g>e®id)(®) = 1®1® 1. (1.4) 

The map A is called the coproduct or the comultiplication, £ the counit and <I> the reassociator. As for 
Hopf algebras we denote A(h) = ®h,2, but since A is only quasi-coassociative we adopt the further 
convention 

(A<g)id)(A(h)) =X^(u) ®A(i,2)®&2, (id<g>A)(A(h)) =^h\ <g>&( 2 ,i) ® A(2,2) 5 

for all h EH. We will denote the tensor components of <1> by capital letters, and the ones of ,_1 by small 
letters, namely 

<D = £x 1 ®x 2 8X 3 = ^r 1 ®r 2 ®r 3 = £y 1 ®i' 2 ®y 3 = ■■■ 

-1 _ V „1 o J2 o. J> — V A o *1 o *3 _ ^,,2 ^,,3 _ 



<I> 1 =£x 1 §i 2 ®j 3 = ^ 1 ®| 2 ®f 3 = ^ 



H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S of the algebra H and 
elements a, [3 € H such that, for all h EH, we have: 

£s(fci)a&2 = e(fc)a and £/n(3S(/i 2 ) = e(fc)P, (1.5) 

^^(X^aX 3 = 1 and ^(x^ou 2 ^* 3 ) = 1. (1.6) 

For a quasi-Hopf algebra the antipode is determined uniquely up to a transformation a i— > Ua, P i— > 
PZ7 -1 , i — ^ US(h)U-\ where U e H is invertible. The axioms for a quasi-Hopf algebra imply that 
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e(oc)e(P) = 1, so, by rescaling a and p\ we may assume without loss of generality that e(a) = = 1 



and eoS = e. The identities (|1.2|), ( |1.3[ ) and (|L4J) also imply that 

(e®id®id)(®) = (id® id 8)e)(0>) = 1(8101. (1.7) 

Next we recall that the definition of a quasi-Hopf algebra is "twist coinvariant" in the following sense. 
An invertible element F € H®H is called & gauge transformation or twist if (e®id)(F) = (id®e)(F) = 
1. If H is a quasi-Hopf algebra and F = Y,F l ® F 2 £ H ® H is a. gauge transformation with inverse 
F- 1 =^G 1 OG 2 , then we can define a new quasi-Hopf algebra Hp by keeping the multiplication, unit, 
counit and antipode of H and replacing the comultiplication, antipode and the elements a and [3 by 

A F (h)=FA(h)F-\ (1.8) 

<£ f = (l®F)(id®A)(F)<!>(A®id)(F- l )(F- l ®l), (1.9) 

a F =£s(G 1 )aG 2 , $ F = J £F l $S(F 2 ). (1.10) 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf 
algebra, we have the following statement: there exists a gauge transformation / G H ®H such that 

fA(S{h))f- x =Y,(S®S){A op (h)), forall/jG//. (1.11) 

/ can be computed explicitly. First set 

Y^A l ®A 2 ®A 3 ®A 4 = (^^^(A®^®^)^ 1 ), (1.12) 

Y^B 1 ®B 2 ®B 3 ®B 4 = (A®id®id)(<Z>)(<Z>- 1 ®l) (1.13) 
and then define y, 8 EH® Hby 

y=Y,S(A 2 )aA 3 ®S(A i )aA 4 and 8 = ^B^^B 4 ) ®fi 2 p\S(5 3 ). (1.14) 

/ and f~ l are then given by the formulas 

/ = £(^S)(A"V)) Y A(x 2 PS(x 3 )), (1.15) 
f- 1 = £A(S(jt 1 )ax 2 )8(S<g>S)(A^(x 3 )) (1.16) 

where A op (h) = Y,hi®hi. / satisfies the following relations: 

/A(a)=y, A(P)r 1= 8. (1.17) 

Furthermore the corresponding twisted reassociator (see (|T9|)) is given by 

O / = £(,S0505)(X 3 OX 2 ®A: 1 ). (1.18) 

In a Hopf algebra //, we obviously have the identity 

Y^hi®h 2 S(h 3 ) = h®l, for allhEH. 

We will need the generalization of this formula to quasi-Hopf algebras. Following [juj], Jl2|], we define 

^i? = £p 1 ® J p 2 = £x 1 ®x 2 p5(x 3 ), ^ = £<7 1 ®^ 2 = £x 1 0^ 1 (aX 3 )X 2 . (1.19) 
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For all h G //, we then have 

£A(fti)p*[l®S(A2)]=p*[ft®l], £[1(8)5- 1 (^)]^A(/Ji) = (ft®l)?«, (1.20) 



and 



£A(^)p s [l®% 2 )] = l0l, £[l(8)5- 1 (p 2 )] 9R A(/7 1 ) = l®l, (1.21) 



(^®l)(Aig>W)(g R )<I> _1 

= £[l(g)5- 1 (X 3 )(g)5- 1 (X 2 )][l(85- 1 (/ 2 )(» 1 S- 1 (/ 1 )](^®A)(^A(X 1 )), (1.22) 
®(A®id)(p R )(p R <g)icl) 

= £(/rf0A)(A(x 1 ) jPi? )(l®/- 1 )(l(g)5(x 3 )(g)5(x 2 )), (1.23) 

where / = (g>/ 2 is the twist defined in fll.l5p . Note that the formulas ( |1.16| - |1.23| ) (except ( |1.22[ ) and 
the second part of ( 1.20| -1.21)) can be proved without using the bijectivity of the antipode S. 



2 Integrals in quasi-Hopf algebras 

Let H be a finite dimensional quasi-Hopf algebra with an antipode S. In [|l3|], it is shown that H is a 
Frobenius algebra and, as a consequence, the space of left (right) integrals in H is one dimensional. The 



proof in [ |13| ] relies on the fact that the antipode 5 is bijective. Using different arguments independent of 
the bijectivity of the antipode, we will give another proof of the existence and uniqueness of integrals in 
H. In fact we will prove that, in the definition of finite dimensional quasi-Hopf algebra, the bijectivity 
of the antipode can be dropped, in other words, the bijectivity of the antipode follows from the other 
axioms. This will generalize a similar result for Hopf algebras, see Jl6|]. 

Let us make our terminology consistent: by a quasi-Hopf algebra, we will mean a quasi-Hopf algebra as 
defined in Section [l], but without the assumption that the antipode is bijective. If the antipode is bijective, 
then we will say that we have a quasi-Hopf algebra in the sense of Drinfeld. With this convention, our 
main result is the following: a finite dimensional quasi-Hopf algebra is a quasi-Hopf algebra in the sense 
of Drinfeld. 

Recall that t G H is called a left (resp. right) integral in H if ht = z(h)t (resp. th = e(h)t), V7z G H. We 
denote by J t H (f r ) the space of left (right) integrals in H. If there exists a non-zero left integral in H 
which is at the same time a right integral, then H is called unimodular. 

In Jl6t], the Fundamental Theorem is used to prove the existence and uniqueness of integrals, and then 
the bijectivity of the antipode follows. In the quasi-Hopf algebra case, this approach will not work, 
since we cannot define Hopf modules. Van Daele [^] gave a short and direct proof of the existence 



and uniqueness of integrals in a finite dimensional Hopf algebra, and Panaite and Van Oystaeyen Ql 9Q 
generalized Van Daele's argument, proving the existence of left integrals in finite dimensional quasi- 
Hopf algebras. More precisely, let H be a finite dimensional quasi-Hopf algebra, {e,} (= y^ a basis of H 



and {e'} j= Y^ the dual basis of H*. Following [19] we define 



P(h) = Y J {e i ^S{S(X 1 (e i ) 2 )aX 3 )h)X\e i ) u (2.1) 



for all h e H. Then one can show that P(h) G f" ,Vh G H and £ («'',5(P(ei)p)) = e(p) = 1. It follows 
that at least one of the ^ 0, and f" / 0. 

In order to prove the uniqueness of integrals for finite dimensional quasi-Hopf algebras we need the 
following 
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Lemma 2.1 Let t be a left integral in a quasi-Hopf algebra H. Then for all h G H 

Y^hXhi ®S(X 2 t 2 )aX 3 = Y,X l h®S(X 2 t 2 )aX 3 h, (2.2) 

and 

£f t ®S(t 2 ) = £x 1 *i ®S(X 2 t 2 )aX 3 $ = Y,$X l t l ®S(X 2 t 2 )oX 3 . (2.3) 

Proof. For all h G // we calculate, using @, (O) and t G if that 

J^AX^i (g>S(X 2 f 2 )ocX 3 = £/nX% (g) 1 S(/z ( 2 ! i)X 2 f 2 )a/z ( 2,2)^ 3 

= J^X i (h l t) l (S)S(X 2 (hit) 2 )aX 3 h 2 = J^X l t l ®S(X 2 t 2 )aX 3 h. 

To prove the first equality in ( |2.3[ ), we take £X ! fi (8>5 , (X 2 f2)cxX 3 p. First we apply the 3-cocycle condition 

<J>® 1 = (id(g>A®id)(<$>~' l )(l (gi^^iid ® id ® A)(<$>)(A® id ® id)(<&) 

and then, successively using the fact that t G f", (JOJ), Q, Q and Q, we find the left hand side 
of (23). The second equality in (23) follows from (12). □ 

For a quasi-Hopf algebra H, we introduce H* as the dual space of H with its natural multiplication 
(h*g*,h) = Y,h*{hi)g*(h 2 ), where h*,g* G //* and h e H. If H h finite dimensional, then H* is also 
equipped with a natural coassociative coalgebra structure (A,e) given by (K(h*),h®h') = (h*,hh r ) and 
e{h*) =h*(l), where h* e H*, h,h' e H and (,) : H*®H denotes the dual pairing. On H* we have 
the natural left and right //-actions 

(h^h*,h') = {h*,h'h), (h* h,ti) = {h* ,hti), (2.4) 

where h,h' G H and h* G H*. This makes H* into a //-//-bimodule. 

We also introduce S : //* — > //* as the anti-coalgebra homomorphism dual to 5, i.e. (S(h*),h) = 
(h*,S(h)),Vh* £H*,heH. 

Theorem 2.2 Let H be a finite dimensional quasi-Hopf algebra, {e, } != y^ a basis of H with dual basis 
{ e '}i=Tn °fH*> an d define 6 : ff <g>H* — > //, fry 

9(t®fc*) = £ft*(S(X 2 f 2 /)oX 3 )X 1 fi/> 1 , \/tejf,h*eH*, (2.5) 

where Pr = Y*P l ® P 2 15 ^ e element defined in ( |/./9| ). /Tien the following assertions hold: 
( i) 6 ij an isomorphism of left H -modules, where fj ®H* is a left H -modules via h-(t®h*) =t(&h—^h* 
VheH,te f,,h* G H*, and H is a left H -module via left multiplication. Consequently dim^ f, =1. 
The inverse of 9 is given by 

n 

Q- 1 (h) = £ P( ei h) <g> e\ V/j G H, (2.6) 
i=i 



where P is the projection onto the space of left integrals, defined in ( |2./| ). 

( ii) The antipode S is bijective. 

(Hi) S{f") = f", S(J") = J", and dim k j" = 1. 
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Proof, (i) First we show that 8 and 6 are inverses. Indeed, for all ft G H we have: 

e(e -i (/j)) (BgH) £ (e^P^^^^^^jaX^^^^^CF^i^Od^/jay 3 } 



£(e- 7 ',(35(F 2 X 2 V 2 5(X 2 )aX 3 )aF 3 /j)F 1 X 1 V 1 ^ 



7=1 



(|1.19| , |1.3D = £F 1 ^ 1 Z 1 p5(F 2 x 2 X 1 Z 2 p5(^X 2 Z 2 )acix 3 Z 3 )aF 3 /i 

(|Tl JTlljL7|jr^) = £F 1 p5(F 2 X 1 p5(X 2 )aX 3 )aF 3 /j = /i. 

For all t G J t H and ft* G H* we compute 



£ ft* (5(X 2 f 2 p 2 )oX 3 p5(5(F 2 (^)2)aF 3 )e,) <«?>', X l hp l )Y 1 ® e> 



Q-\Q(t®h*)) = £/i*(5(X 2 f 2j p 2 )cxX 3 )P(^X 1 fi j p 1 )®e i 

£/ J *(5(5(F 2 f (lj2) ^ 2 )aF 3 ? 2 p 2 )^)F 1 f( l! i)pl®^ 
i=i 

£^(5(5(F 2 ^)aFV> ; )^FVI 
i=i 

£/i*(5(5Cyfx 1 X 2 )a^x 2 X 1 3 p5(yVx 2 3 ))e ! )^ 1 X 1 (g)e 
i=i 
« 

£ ft* (5(5(x J )0tt 2 p5(x 3 ))e ; )f (8 e l 
i=l 

n 

£ft*0,-)f <g>e ! ' = t®h*. 



( p9| , [T3D 
(|T3|, [r4| , [r7D 
IT 



Since 6 is a bijection and dim*// = dim*//* is finite, is follows that dim* = 1. We are left to show that 
6 is //-linear. For all ft G H, t G and ft* G //* we have: 

hQ(t®h*) = ^h*(S(X 2 t 2 p 2 )aX 3 )hX l hp l 
Q = (h^h*,S(X 2 t 2 p 2 )aX 3 }X l t lP l 
= Q(t®h^h*). 

(ii) First we prove that 5 is bijective. H* is finite dimensional, so it suffices to show that S is injective. 
Let ft* G H* be such that S(h*) = 0, and take ^ t G //*. For all ft G H we have 

6(f ® |3S(ft) ft*) = (P5(ft) ft*,5(X 2 f 2j p 2 )oX 3 )X 1 ?i jP 1 
= £(ft*,5(X 2 f 2 p 2 )aX 3 r35(ft)}X 1 f 1 p 1 

@ = I>*,s(ft^ 2 ))V 

= £(S(A*),fa 2 pW=0. 

Since 6 is bijective we obtain that t ® p5(ft) — 1 ft* = 0. Now, because t ^ and dim* = \, it follows 
that |3S(ft) ->« ft* = 0, for all ft G //. Therefore, by for all ft' G // we have 

A* (A') = Y,(h*,tiS(x l )ax 2 $S(x 3 )) = £(p5(x 3 ) h* ,tiS(x l )ax 2 } = 0. 



It is not hard to see that 5* : H" -> H**, S* (ft**) = h**oS, Vft** G //**, is a bijective map. If we define 
£ : // -> #** by £(ft)(ft*) = h*(h), Vft € #,ft* € #*, then we can easily show that {£(>,) },=T^ is a basis 
of //** dual to the basis {e ! } != j~n of //*, and it follows that £, is bijective. Moreover, is given by 



= £ ft** (e'')^-, Vft** G 7/**. In addition, oS* = 5 so 5 is bijective. 

i=i 

(iii) We have already seen that S is an anti-algebra automorphism of H and dim^ Jj = 1. The rest of the 
proof is identical to the proof for classical Hopf algebras. □ 

Remark 2.3 We cannot deduce the isomorphism 6 in Theorem 2.2 from a Structure Theorem for dual 
quasi-Hopf bicomodules. If A is a dual quasi-Hopf algebra (for the complete definition see the last 
Section) then the category of A-bicomodules A M A is monoidal and A is in a canonical way an algebra in 
A 5W A . Thus, it makes sense to define aright dual quasi-Hopf A-bicomodule M as being a right A-module 
in A M A . Denote by A( M^ the category whose objects are right dual quasi-Hopf A-bicomodules and 



morphisms A-bicomodule maps which are also right A-linear (for more details see [22]). This definition 
is dual to the one given by Hausser and Nill []l3|] for quasi-Hopf bimodules. So, using their Structure 
Theorem, by duality, we can prove a Structure Theorem for dual quasi-Hopf A-bicomodules and then 
we can apply it in the particular case M = H (here H is a finite dimensional quasi-Hopf algebra and 
A = H*, the linear dual space of H). But, on a hand, in order to obtain H as an object in H M^* we 
need the antipode S of H to be bijective and, on the other hand, using the definition of Hausser and Nill 
for coinvariants, in the dual case we don't obtain the space of integrals in H. In consequence, if the 
isomorphism 6 is derived from a Structure Theorem for dual quasi-Hopf bicomodules then it is not the 
dual case of Hausser and Nill result. 

Now, let M G A M^. First, since A is a coassociative coalgebra we can define the set of right coinvariants 
Mco(A) Q f M &s being M C0 ( A ) := {ra GM | p r (m) =m<g)l}, where p r :M — > M®A, p r (m) =£m( ) ®mm, 
m G M, is the right coaction of A on M. Since p r {m • a) = p r (m)A(a) for all m G M and a G A (we denote 
by M®A 3 m®A — > m ■ a G M, m G M, a G A, the right action of A on M), as in [f| Theorem 2.11] we 
can show that P : M — > M co ^ given by P(m) := £m(o) • P( m (i))^( m (2))> m S M, is well defined and a 
surjection. Thus, the map 8 1 : M — > M f0 ( A ) (g>A, 8 (m) := L^( m (o)) <8>«(i)> n? G M, is well defined. 



It is not hard to see that M c "^ A G A M A via the structures {m®a) -b :=m® ab, and M co ( A ) <g) A 3 
m®a — > £ai <g> m ® a 2 (8 a 3 eA®M co W ®A®A, m G M co ( A ^, a, ft G A. In this way 8 1 becomes aright 
A-colinear map but not a morphism in A M^; moreover, we don't know if, in general, 6 1 is bijective. 
Under these circumstances, if we take H a finite dimensional quasi-Hopf algebra then H £ H M H via 



H3h^ ^ e ' ® e jhei ® G H* <g>H®H*, 

where {e;} != y^ is a basis of H with dual basis {e'} j= j-^ of //*. Moreover, if we define 

h-h* :=Y,h*(S(X 2 h 2 )aX 3 )X l h 1 V ft G //, ft* G H* 

then with this structures H is not an object in H " M ff* but p r (ft • ft*) = p r (ft)A(ft*), H C0 ( H *) = f, H and the 
projection P : H —> \f is just the projection P defined in (pT|). Therefore, in this case 6 1 coincide with 



6 defined in (2.6), so it is bijective. We notice that, in the proof of the fact that 6 defined by (|2.6|) is 



the inverse of 6, a key role is played by the relation (2.3) in Lemma 2.1. Since the equality (|2.3|) involve 



all the structures of H as a quasi-Hopf algebra, it cannot be generalized for the coinvariants M co ^ of a 
dual quasi-Hopf A-bicomodule M. In conclusion, in order to obtain 6 from a Structure Theorem for dual 
quasi-Hopf bicomodules we need the above context but it don't provide a "suggestion" for the general 
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case. Also, the same kind of problems occur when we work with relative Hopf modules instead of 
dual quasi-Hopf bicomodules. 



Let H be a quasi-Hopf algebra and t a left integral in H. Using the fact that H is an associative algebra, 
we find that th is also a left integral in H, for all h G H, hence the space of left (right) integral in H is a 
two-sided ideal. Moreover, if H is finite dimensional, then it follows from the uniqueness of the integral 
in H, that there exists /u G H* such that 

th = n(h)t, V £ G f[ H and h G H. (2.7) 

More precisely, /u G A\g(H,k). It was noted in [ p"3| ] that A\g(H,k) is a group with multiplication given 
by v£, = (v®^)oA, unit £, and inverse = fioS. In [pj|], fi is called the modulus of H, but, following 
the classical terminology for Hopf algebras, we will call /u the distinguished grouplike element. Observe 
that p. = £ if and only if H is unimodular. As in the case of a Hopf algebra, it follows from the bijectivity 
of the antipode that 

hr = fi- l (h)r = fi(S(h))r, V r G f t H and h G H. (2.8) 
For infinite dimensional Hopf algebras it is well known that the space of left (right) integrals in H is zero 



Q24| , pg. 107]. In order to prove a similar result for quasi-Hopf algebras we first need a Lemma. 
Lemma 2.4 Let H be a quasi-Hopf algebra in the sense ofDrinfeld and define 

A:H^H®H, A(h) =Y,h®hg :=J^q l h lP l ®q 2 h 2 p 2 , V/j € H, (2.9) 



where pr = Y,P l ® P 2 and qR = L^ 1 ®q are defined by ( \1.19 ). If J is a non-zero two-sided ideal ofH 
such that A(J) CJ&H, then J = H. 



Proof. From ( |1.21 ), we easily deduce that 

'£{\®S- l {p 2 ))A(p l hq l )(\®S{q 2 ))=A(h), V/z G H. 

This implies that A(J) since J is a two-sided ideal of H and A(J) Now, if e(J) = 0, 

then for any h G H we have h = £s(/ji)/j2 G e(J)H = 0, so J = 0, a contradiction. Thus e(J) ^ 0, and 
there exists a G J with = 1. Using dO), we obtain that [3 = = £ai PS(<22) G ^ G /, so P G 7. 



Using ( |L6| ) and the fact that J is a two-sided ideal of H, we find that 1 = £X l fiS(X 2 )aX 3 G J, and 7 = H. 

□ 



For /i G H and h* eH*, we define h*^h = Z h *{ h 2)hi. For a two-sided ideal 7 of//, we let H*^Ibe 
the subspace of / generated by all the elements of the form h* — > a, with /j* G //* and a G /. 

Theorem 2.5 Lef H be a quasi-Hopf algebra in the sense ofDrinfeld and I a non-zero two-sided ideal 
ofH. Then 

J = H* ^I = H. 

As a consequence, we obtain 

(i) If H is a quasi-Hopf algebra with an antipode S, then H is finite dimensional if and only if S is 
bijective and f t H ^ 0. 

(ii) If a quasi-Hopf algebra in the sense ofDrinfeld is semisimple as an algebra, then it is finite dimen- 
sional. 
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Proof. The statement follows from Lemma 2.4 if we can show that 7 is a non-zero two-sided ideal of H 
such that A(7) QJ®H. 

Obviously z^h = h, and therefore I C.J. For all h G H , h* G H* and a G / we have 

(/i* — > a)/i = ^h*(q 2 a2p 2 )q 1 aip l h 

o = £^(? 2 (^i) 2j p 2 5(ft 2 )) 9 i (^i)i jP i 

= £(S(/* 2 )-/z*)^(aM) 
and 7 is a right ideal. 7 is also a left ideal, since 

h(h*—>a) = ^h* (q 2 a2p 2 )hq x a\p l 
(P0|) = £/i*(5- 1 (/ J2 )<? 2 (/tia) 2 /)g 1 (/7ia)i^ 1 
= £(r-5- 1 (A 2 ))^(M- 
Write / = E/ 1 ®/ 2 . Using ( [Egg ), Q and ( |Q3| ) we can show that 



= X[W)-r-r 1 (/¥))feV)-? , -^'(A 2 ))H(^ 1 ) 

for all /j* , g* G H* and /j € //. / is a two-sided ideal of H, so the above equality shows that H* — > 7 CJ. 



To prove that A(7) C/®ff, we use the same arguments as in [18, p. 12]. Take a£i, and write 



A(a) = £ a, ® aj, where a\, ■ ■ ■ ,a m G 7 and a m+ i , • • • ,a„ are linearly independent modulo /. For any 
/ i 

« 

/j* G //*, /z* — > a = Y, h*(a'^)cii G 7. The linear independence of a m+ \, ■ ■ ■ ,a n modulo 7 implies that 

i=l 

h*(a'i) = 0, and therefore a\ = (7i* is arbitrary), for all i > m. We find that A(a) G J <S>H, as needed. 

(i) One implication follows from Theorem ^2|. Conversely, assume that S is bijective and / = ff 1 ^ 0. 
Then / is a non-zero two-sided ideal of H and the first part of our Theorem tells us that H* — > / = H. 

Thus there exist {/j*} i= y^ C H* and {ti};=Yn — Jl sucn tnat ^ = I- K — For any i = 1,« we have 

i=i 

«i . . 

= L a )®b l j, for some {aj} ;= y^ C // and {Z^} 7= y^ C H. Therefore, for any h* G H* and i = l,n 

we have /j* —»•*; = £ h*(b'j)a 1 -. For all /j G // we obtain that 

;'=i 

A = Y,h{h*^ ti ) 

i=i 

= £(fc*^5- 1 (*2))-^*i»i 
i=i 

n 

= *(/*)) since € J) H ,Vi = M 



i=l ;=1 



This shows that // is finite dimensional, since it is a subspace of the span of | / = \,n,j = l,n,-}. 
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(ii) Let H be a semisimple quasi-Hopf algebra with bijective antipode. Then Ker(s) is a two-sided ideal 
of H. Since H is a semisimple left //-module, there exists a left ideal I of H such that H = /©Ker(e). 
Ker(s) has codimension 1 in H, hence / has dimension 1. Write I = t + h, with ? G /, /j G Ker(s). ? 7^ 0, 
because 1 G" Ker(s). It follows that / = kt, since dim^Z) = 1. For all ti G H, we have tit G /, and also 
tit = e(h')t + - e(h')l)t with e(/i')f G / and (ti - e(h')\)t G Ker(e). Since we have a direct sum, it 
follows that tit = e(h')t, and t is a non-zero left integral in H. From (i), it then follows that H is finite 
dimensional. □ 

Remarks 2.6 (i) Let H be a quasi-Hopf algebra in the sense of Drinfeld. Then S(J, H ) = f" and 
dimj. Jj H = dim^ . Therefore, if H is infinite dimensional then jf 1 = ff 1 = 0. 



(ii) Let H be a finite dimensional quasi-Hopf algebra and t a non-zero left integral in H. Theorem ^5 
implies that H = H*—> t so the map 

6: H*^H, Q(ti)=h* ^t = Y,h*{q 2 t 2 p 2 )q l t l p l ,Vti £H* (2.10) 

is bijective. Moreover, 8 is a left //-linear, where the left //-action on H* is given by the formula 

h-ti =h* ^S~\ti) 

for /i G // and ti G H*. If // is a classical Hopf algebra, then 8 is also left //*-linear where the //""-actions 
on //* and H are given by convolution and ti ^ h = Y l ^*Q l 2)h\ respectively. This means that H is a left 
cyclic H* -module generated by a left non-zero integral. 



3 Cointegrals on quasi-Hopf algebras 

In the first part of this Section we study the cointegrals on a finite dimensional quasi-Hopf algebra (so 
the antipode of H is bijective). 

Definition 3.1 /|7j|/ Let H be a quasi-Hopf algebra, M an H-bimodule and p : M—>M®HanH- 
bimodule map. Then (M,p) is called a right quasi-Hopf H-bimodule if thefollowing relations hold: 

(idjtf ® e) o p = idui (3.1) 

*-(p®idjf)(p(m)) = (idjtf (8)A)(p(m))-*, Vra G M. (3.2) 

A morphism between two right quasi-Hopf //-bimodules is an //-bimodule map / : M — > M' satisfying 
p' o / = (/(g) id) o p. h^h i s tne category of right quasi-Hopf //-bimodules and morphisms of right 
quasi-Hopf //-bimodules. 
We will use the S weedier type notation 

p(m)=£m( )®»i(i), (p®id M )(p(m)) = m(o,o) ® m (0,i) <8>wi(i), etc. 

Let // be a quasi-Hopf algebra and M a right quasi-Hopf //-bimodule. We define E : M — > M, by 

£( m ) = ^x 1 •m(o) • p\S(X 2 m (1) )aX 3 , (3.3) 

for all m £ M. 

M coH = {n£M\E(n)=n} 
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is called the space of coinvariants of M. We also have (cf. []T3|, Corollary 3.9]) 



M 



coH 



{n EM | p(n) =^£(x 1 - n) -x 2 <g>x 3 }. 



(3.4) 



We have the following structure Theorem for right quasi-Hopf //-bimodules (see Theorem 3.8]). 
The map 

V : M coH ®H ->M, v(n®h)=n-h, VneM coH , heH (3.5) 

is an isomorphism of right quasi-Hopf //-bimodules. Here M coH ®H is a right quasi-Hopf //-bimodule 
via the structures a ■ (n®h) ■ b = • n) ® a2/i& and p(n ® /i) = ^^(x 1 • w) <8>x 2 /ii <8> x 3 /i2, Vn € 

N,a,h,b G //. The inverse of v is given by 



(0) 



)ram, VraGM. 



(3.6) 



Now, let be a finite dimensional quasi-Hopf algebra; recall that the antipode is then automatically 
bijective. Let {e;} ;= x^ be a basis in // with dual basis {e'} j= jj r in H* and consider 



f/ = I^ 1 % 2 )®/% 1 ) ; V = £5- 1 (/V)(85- 1 (/V 1 ), 



(3.7) 



where / = Y,f l ®/ 2 is the element defined by ( 1.15[ ), f~ l = ^g 1 ®g 2 , and g# = ®q 2 and p# = 
L/J 1 <8> p 2 are defined as in (LIS). Following [|13|], H* is right quasi-Hopf //-bimodule. The structure is 
the following 

h-h*-h' = S(h')^h* ^S^(h), Mh,h' £ H,h* G H*, (3.8) 



p(h*) = Y i e i *h*®e i , Vh*€H*, 
i=i 

where the (non-associative) multiplication * : H* ®H* —> H* is given by 



(3.9) 



(3.10) 



The coinvariants X G H* coH are called left cointegrals on // and the space of left cointegrals is denoted 
by L . Thus dim^X = 1 and the projection E : H* — ► X is given by 



(3-11) 



for all ft* G ff* and h£H. Here A(/j) = £ V 1 /!^ 1 V 2 h 2 U 2 , for any h&H. The transpose E 1 : H ^ H 
is given by 



(3.12) 



!=1 



and provides a projection onto the space of right integrals in H. Moreover, the dual pairing L (g) ff 1 — > k, 
A, (g) r \— > (X, r) is nondegenerate, [13, Lemma 4.4]. 

When H is an ordinary Hopf algebra the left cointegrals on H are precisely the left integrals in H* (i.e., 
an element X G H* such that YJ^ih%)h\ = X{h)\,\/h G H). For quasi-Hopf algebras // we will give some 
characterizations for left cointegrals. First, we need another formula for the projection ( 3.11 ), giving the 
connection between the projection P 

onto the space of left integrals defined by (24) and the projection E T , defined by ( 3.12 ). This provides 
an answer to a question raised in [13]. 
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Lemma 3.2 Let H be a finite dimensional quasi-Hopf algebra and E the map defined by (3.11). Then, 
for all h* € H* and h £ H, we have: 



{E(h*),h) = (h*,S- l (P(S(h)))) 



(3.13) 



In particular, if E T is the transpose map ( |i.i2| ) and P : H — > ff 1 is the projection (2.1) then E T (h) 
S- l (P(S(h))),forallheH. 



Proof. Take / = ^f l ® f 2 = I^ 1 <8>F 2 and /- 1 = ^g 1 (gig 2 = ^G 1 <g> G 2 as in ( PH ) and ( p^ ). It is 
easy to see that 

£g 1 5(g 2 a) = p, £5(P/ 1 )/ 2 = a, £/ 1 p5(/ 2 )=5(a) (3.14) 
and we compute, for h* G //* and h £ H: 

(E(h*),h) = j^(e i ®h\-K{S-\q l )hS 2 {q 2 e i )S(m 
i=l 



1.2l|j3.7|Jl.l9|) 



(OOgD 



(CTCT 



£^,M 2 (^- 1 (/W)( ei ) 1 [/ 1 )5(P))(r,5- 1 (/V!^ 1 )(^)2^ 

7=1 
7=1 

(^,5- 1 (/ 1 )( ei ) 2 g 2 5(X 1 )) 
£ ^',M 2 (5- 1 (/ 2 )(^)i^i 2 ^2G 2 a5- 1 (PF 1 X 1 g!G 1 ))) 

7=1 

(r,5- 1 (/ 1 )(^) 2J F 2 W} 
f(e',M 2 (5- 1 (/ 2 )(e ( ) 1 X 2 )5(PF 1 X 1 P)F 2 )(/ J *,5- 1 (/ 1 )(^)2^ 3 ) 



(^s-^Oi)^/ 1 )* 3 } 



dl^CT) = £^,M(5(e ! -)2)5(PF 1 /i 2 X 2 g 2 )F 2 / 2 X 3 g 2 a} 



;=i 



{h*,S-\S{ei) x )S- l {f l X l g l {)) 



l/flvl „!• 



( |3l4| , [T3D 

(pllJl. 19|,|2. 1]) 
The last assertion follows easily by ( 3.13[ ) and ( |3.12| ). 



£^',g 1 5(^(( e7 -)2)5(X 2 )aXVcx)}(^,5- 1 (X 1 (^)i)) 

7=1 

(h\S-\P{S{h))))- 



□ 



Lemma 3.3 Let H be a finite dimensional quasi-Hopf algebra and E : H* — > L the projection ( p.ii[ ). 
Then 

(3.15) 



E(h* <-ST l (h))=[i(h)E(h*), Mh* e H* and h e H, 
X(S-\h)ti) =Y,v(hi)WS(h 2 )), Vh,ti £H, 
where p is the distinguished grouplike element ofH*. 



(3.16) 
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Proof. The relations (3.15) follow easily from ( J3- 13| ) and the fact that P(h) G f t H , V/z € H. To prove 
( 3.16 ), let {e{} i= YR be a basis in // with dual basis {V} (= y^ in //* and q R the element defined by ( |1.19 ). 
For all h, h' E H and X S £ we have: 



;'=1 



(IOD 



£ (e>, P5 2 ( 9 2 ( gj -) 2 A 2 )5(/.')) (X, S" 1 (^^ )} 

7=1 

J>(*i)Wto))- 



□ 



Proposition 3.4 Le? H be a finite dimensional quasi-Hopf algebra and n th e distinguished grouplike 
element ofH*. For X G //*, the following statements are equivalent: 

(a) Xis a left cointegral on H; 

(b) for all h £ H, we have 

^XiS-'if^hS-'iqV^S-'if^hS-^qY) 



= £ J u(^ 1 )(X,M- 1 (/ 1 )g 2 5(^))gV5- 1 (5- 1 (/ 2 )g 1 ); 

(c) for all h€H, we have 

£ 1 (Z 1 )/i 2 1/ 2 )5- 1 (/ 2 )/u [/ 1 = ^ A'tel^ 1 ) hS{q\x 2 ))q 2 x 3 . 



(3.17) 



Here f = X/ 1 ® f 2 > <?R = L*? 1 ®<7 2 and U = ^U 2 are defined respectively by ( 1.15 ), ( 1.19 ) and 
<^,andf- y =Zg { ®g 2 . 



Proof, (a) (b). Suppose that X is a left cointegral. As before, we write / = X^/ 1 ®f l = L^ 71 ®F 
IF 1 0F 2 ,/- 1 = Zg Y ®g 2 =ZG i ®G 2 = ZG l ®G 2 ,q R = Itf 1 ®? 2 and p R = I/? 1 <g>/? 2 . Using (p|), 



(gj), 03J) and (|3JJ), we find that 

Y.HV^U^hyU 1 = £ i u(x 1 )X(/i5(x 2 ))x 3 , 
for all h £ H, and we compute that 

Y.^W){Kh^ 1 iJ x )MqW)W^\sr x ifW) 
(pBjpSp = £(x J y 2 [5- 1 (? 1 )w- 1 (/ 1 )g 2 ]2f/ 2 )^ 1 r 1 (? 1 )^ 1 (/ 1 k 2 ]i^ 1 

OH! = I(^5- 1 (F 1 ^p 1 )/^- 1 (F 1 /i 1 G 1 )g 2 [/ 2 ), ? 2 5- 1 (F 2 (72 /)/t 1 5- 1 (F 2 / 2 1 G 2 ) 

= X(^^ 1 (^)i)^ 1 (^Vi 1 )^G 2 5(X 1 ))5- 1 (5(/ J ) 2 )5- 1 (F 2 / 2 1 ) 
gfG 1 5(X 2 )(x5 _1 (5 _1 (/ 2 )g 1 5(X 3 )) 

14 



(3.18) 



(1.21,1.11) 



£(X,5- 1 (5(/ J ) 1 )5- 1 (5(X 3 )F 1 / 1 1 k 2 }5- 1 (5(^)2)5- 1 (5(X 2 )FV 2 1 ) 

g\d 1 aS~ 1 (S^ 1 (S(X 1 )f 2 )g\G 1 ) 
£(X,5- 1 (5(/ J ) 1 )5- 1 (5(X 3 ) J F 1 //))5- 1 (5(/ J ) 2 ) 

S- l (S- l (S(X [ )f 2 )$S(X 2 )F 2 ri) 
£(X J 5" 1 (5(/ I ) 1 )5- 1 (/ 1 X 1 ))5- 1 (5(/ I ) 2 )5- 1 (5- 1 (F 2 /|X 3 )PF 1 /^ 2 ) 
£(X,5- 1 (X 1 5(/ J ) 1 ))5- 1 (5- 1 (aX 3 )X 2 5(/ 2 ) 2 ) 



(b) 



(PICT) 
(SB 

HID 
HP 

(SdH) 

=> (a). Assume that XeH* satisfies ( |3.17| ). It follows from flLlip that 

£M5- 1 (^ 1 / ll ))^ 2 = £^^ 1 )(^5- 1 (/ 1 % 2 5(^x 2 ))5- 1 (/ 2 



[ S{q 2 x 3 ), 



(3.19) 



for all h £ H and 



PHJ339D 
( |3TT4i[rT9| , [L2C|) 



£ V{q\x y ) (X, hS 2 (q 2 x 3 )S(g 1 )ag 2 S(q 1 2 x 2 )) 



and it follows from Lemma [T2| that X € L . 

(c) ==> (a). Repeating the computations of the first part of the proof of Lemma 32, we find that the 



projection E (cf. (3.1 1)) is given by 

(E(h*),h) = £( e ',/ J 5(/ 2 )5 2 ((^)it/ 1 )5(P)}(r,5- 1 (/ 1 )(^) 2 t/ 2 ) 



(3.20) 



for all h* £H,h£H. Using ( [3.20D , we can compute that E(X) = X,soX<EL. 
(a) => (c). Assume that X € L. We calculate 

^(qW)(X,hS(q 2 x 2 ))q 2 x 3 

(|3^ jLTTi[L2Tl ) = £(^5- 1 (/ 1 )^ 2 C/ 2 )5- 1 (/ 2 )ft 1 C/ 1 
and the proof is complete. 



□ 



Remark 3.5 Formula ( 3. 19| ) is equivalent to ( 3.17| ), and can be viewed as another characterization of left 
cointegrals. In the case of a Hopf algebra, ( P-19| ) takes the form 

Y,Hs-\h i ))h 2 = X(s- i (h))\ 

which is the well-known statement that X is a left integral if and only if X o S~ 1 is a right integral. 

Observe that our Definition of cointegral only makes sense in the case where H is finite dimensional: 
indeed, we need a dual basis of H in order to make H* into a right quasi-Hopf bimodule (see 3.9). Also 
the equivalent characterizations from Proposition 3A make no sense in the infinite dimensional case, 
as they involve the distinguished element, which can only be defined in the finite dimensional case. 
Nevertheless, the cointegral has a lot of applications in the finite dimensional case (see fll3fl). 



15 



Following [Q, Lemma 4.1], we now give an alternative definition for the space of coinvariants of a right 
quasi-Hopf //-bimodule M: 



M coH = {n£M\ p{n) = 1 £x l -n-S(xlX 3 )f l ®x 2 X l $S{x\x 2 )f 2 }. 



(3.21) 



Using this definition, we will prove a second Structure Theorem for right quasi-Hopf bimodules. For 
M G h^h ' we define 



It follows that 



E:M^M, E(m) := £m (0) • p\S(m (1) ), VmGM. 



E(m) =Y,E(p l -m)-p 2 , E{m) = ^X 1 -E{m) -S(X 2 )aX 3 , VmeM. 



By [ 13, Proposition 3.4], we have 

E(m ■ h) = e(h)E(m), E(h ■ E{m)) = E(h -m), h-E(m) = ^E(h\ -m) -h% 
for all m G M and h G H. and therefore the maps 



E : M coH -» M co// and £ : M coH -» M coff 



(3.22) 



(3.23) 



(3.24) 



(3.25) 



are each others inverses. In the case of a classical Hopf algebra, the maps E and £ are equal to the 
identity on M coH = M coH . Moreover, in this case M coH is invariant under the left adjoint //-action 
h>m := • m ■ S(h 2 ), in the sense that E(ht>m) = ht>E{m), h G H, m G M. In the quasi-Hopf case 
the projection E generalizes this property. More precisely, if we define h-<m = E(h-m), then by Jl3| , 
Proposition 3.4], we have that h ■ E(m) = Y\h\^E(m)] • /i 2 . Now, as in the Hopf algebra case, we will 
prove that M coH is invariant under the left adjoint //-action. 

Lemma 3.6 Let H be a quasi-Hopf algebra, M a right quasi-Hopf H -bimodule 

(a) Im(£) C M™ 77 . Ifn G M then n G M™" O E(n) = n. 

(b) M coH is a left H-submodule ofM, where M is considered a left H -module via the left adjoint action, 
that is h\>m = Y,h\ ■ m ■ S{h2),for all h G H and m(zM. 



Proof, (a) Let m G M and 8 = £8* <g> 8 2 be given by ( |1.14[ ). Then 

£m (0 ,o) • M( m (l))i ®'«(o,i)M( m (i))2 
L m (0,0) ■^S(m {l)2 )f ®m {Q l) h 2 S(m (l)l )f 2 
£m (0) o) •x 1 p5((m (1) x 3 ) 2 X 3 )/ 1 ® m (0il) x 2 X 1 p5((m (1) x 3 ) 1 X 2 )/ 2 
.m (0) -p^X^!))/ 1 ^X 1 ^ 3 * 2 )/ 2 
= £x J -E(m) -S{x\X 3 )f ®x 2 X y $S{x\X 2 )f 2 . 

Therefore Im(E') C M coH , implying immediately one implication of the second part. Conversely, if 
n G M™" then 



p(E(m)) 

(PIJTTiD 
(p4|,[T3|,[T3D 



E(n) 
( |3T271 , [3774l ) 



£« (0) •p5(« tl) ) 

JV • n ■ S{x 2 X l $S{x\X 2 )ax\X 3 ) 
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(b) If M is an //-bimodule then is not hard to see that M is a left //-module via the //-action h>m = 

h>E(m) for all 
□ 



Zhi ■ m ■ S(h 2 ), h EH, m EM. Using ( |3.23|), ( |3.24[ ) and Q1.20D we have that E(h>m) 
h G //, m G M. By part (a), we see that M co// is a left //-module under the left adjoint action. 



Let H be a quasi-Hopf algebra and M a right quasi-Hopf //-bimodule. We already have seen that the 
map E : M coH — > M coH is an isomorphism. It is also //-linear since 



E(h^n) 
(|I23|J3T21D 

(HUD 



E(E(h-n)) 
£E(p l h-n)-p 2 

Y J hyE{p l -n)-p 1 S{h 2 ) 

h>E(n) 



for all h G // and n G M coff . 

M co// is a left //-module, so, by [13, Lemma 3.2], M coH (£iH becomes a right quasi-Hopf //-bimodule 
with the following structure: 



a - (n®h) - b = ^fli >n®ci2hb, p'(n®h) = >n®x hi ®x hi 



(3.26) 



for all a,b,h G H and n G M coH . We can now state the second Structure Theorem for right quasi-Hopf 
bimodules. 

Theorem 3.7 Let H be a quasi-Hopf algebra and M a right quasi-Hopf H -bimodule. Consider M coIi (g> H 

(3.27) 



as a right quasi-Hopf H -bimodule as in ( 3.26 ). The map 

V-.M^^H^M, v(n®h) = £X : -n-S{X 2 )aX 3 h 
is an isomorphism of quasi-Hopf H -bimodules. The inverse ofv is given by the formula 

y-\m) =^£ , (m (0 ))®m (1) . 



(3.28) 



tcoH , 



)H 



Proof. We have seen that M coH = M coH are isomorphic as left //-modules, and therefore M c 
M coH ®H as quasi-Hopf //-bimodules (in both cases, the structure is determined by [13, Lemma 3.2]). 
From the Hausser-Nill Structure Theore m (JlH , Theorem 3.8]), it follows that M = M coH (g>// as quasi- 
Hopf //-bimodules. Thus we find that M coH g)// = M as quasi-Hopf //-bimodules, and it is straightfor- 
ward to verify that the connecting isomorphism is exactly v. □ 



Remark 3.8 Theorem [3J can be proved also in a direct way, without using the Hausser-Nill Structure 
Theorem. This proof is straightforward, but long and technical. However, it has the advantage that it is 
independent of the bijectivity of the antipode, which makes it more general in the infinite dimensional 
case. At first sight, the Hausser-Nill definition of coinvariants makes use of the bijectivity of the antipode; 
however, a careful inspection of their definition and their proof of the Structure Theorem shows that we 
do not really need the bijectivity. 

The antipode of a finite dimensional quasi-Hopf algebra is bijective, so its dual H* is a right quasi- 
Hopf //-bimodule with structures defined in (3.8), (3.9). The coinvariants X G H* coH are called left 
alternative cointegrals on H, and the space of left alternative cointegrals is denoted by L = H* coH . From 



Theorem 3.7, we obtain immediately the following result: 



Theorem 3.9 Let H be a finite dimensional quasi-Hopf algebra. Then dim^L = 1. 



17 



Applying (1.3) and (|T3|), we find that X G H* is an alternative left cointegral if and only if 

^^(y^f/^y^if/^^XCs-^xip 1 )^^ 3 )/ 1 )^ 1 ^^ 2 )/ 2 (3.29) 

for all h G H. <&2$ ) can be used to extend the definition of left alternative cointegral to infinite dimen- 
sional quasi-Hopf algebras. 

4 Integrals for dual quasi-Hopf algebras 



Sullivan's Theorem J23p asserts that the space of left integrals on a Hopf algebra has dimension at most 
one. Various new proofs of this result have been given in recent years, see [p5|], [9], [Q] and [^]. The 
aim of this Section is to give a proof of the uniqueness of integrals on a dual quasi-Hopf algebra. Our 
approach is based on the methods developed in 

Throughout, A will be a dual quasi-bialgebra or a dual quasi-Hopf algebra. Following Jl7|], a dual quasi- 
bialgebra A is a coassociative coalgebra A with comultiplication A and counit £ together with coalgebra 
morphisms M : A ® A — > A (the multiplication; we write M(a®b) = and m : & — > A (the unit; we write 
m(1) = 1), and an invertible element cp G (A ®A®A)* (the reassociator), such that for all a,b,c,d G A the 
following relations hold: 

^ai(^ici)cp(a 2 ,^2,c 2 ) = J^<p(aubuCi)(a 2 b 2 )c2, (4.1) 

la = al = a, (4.2) 

£q>(ai,fci,cidi)(p(a 2 k2,C2,d2) =^(p(fci,ci,Ji)(p(ai,fe2C2,^2)9( a 2,6 3 ,C3), (4.3) 

q>(a,l,b)=£(a)e(b). (4.4) 

A is called a dual quasi-Hopf algebra if, moreover, there exist an antimorphism S of the coalgebra A and 
elements oc, [3 G //* such that, for all a G A: 

£S(ai)a(a 2 )a3 =a(a)l, J^a 1 p(a 2 )5(a 3 ) = P(a)l, (4.5) 

£cp(aip(a 2 ),5(a 3 ),cx(a4)a5) =£(p _1 (5(ai),a(a 2 )a3,P(a4)5(a 5 )) =e(a). (4.6) 
It follows from the axioms that oc(l)P(l) = 1, so we can assume that a(l) = P(l) = 1 and, 5(1) = 1. 



Moreover ( |4.3[ ) and ( ]4.4[ ) imply 

(p(l,a,fe) =<p(a,b,l) =e(a)e(b), ya,beA. (4.7) 

If A = (A,M,u,q>,SiOL,$) is a dual quasi-Hopf algebra, then A op,cop is also a dual quasi-Hopf algebra. 
The structure maps are 

^op.cop^j^c) = (p(c,b,a), iSopcop = S, oc p CO p = P and (3 p,cop = oc. 
If A is a dual quasi-bialgebra, then A* is an algebra, with multiplication given by convolution, and unit £. 

Definition 4.1 A map T € A* is called a left integral on the dual quasi-bialgebra A if a*T = a*{\)T for 
any a* G A*. Left integrals on A op cop are called right integrals on A. 
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The set of left (right) integrals on A is denoted by f t (J r ). We keep the same notation as in Section || but 
we will specify every time which kind of integral we are using. It is clear that T G A* is a left integral if 
and only if Y,T(a,2)a\ = T(a)l for all a G A. Jj is a subspace of A*. Moreover, as in the Hopf algebra 
case, /; is a two-sided ideal in the algebra A*. 

Let A* rat be the left rational part of A*. A* rat is the sum of rational left ideals of the algebra A*, see 
Ch. II]. Note that A* mt C A* and 



a* G A* 



3 (a*)i=T^ ^ A * and ( a i')i=T^ ^ ^ such that b * a * = Y, b *( a i) a h V b * G A *- 



(4.8) 



1=1 



It follows that J, C A*™'. In particular, if A* ra; = 0, then J} = 0. 

Later in this Section we will show that the left and right rational parts of A* are equal, justifying our 
notation. As in the Hopf algebra case, we first describe the connection between A* rat and J t . It is well- 
known that A* rat is a rational left A*-module, and this induces a right A-comodule structure on A* n " 
defined by 

p : A *rat ^ A *rat^ p ^ = £ a * Q) g, a * ;) ^ b V = £ft* (afo )a* {Q) , (4.9) 

for all ft* G A*. This can be rewritten as follows 



p(a*) = 52<3(o) ^ 52«*(^2)«i = 52 a (o) ( a ) a (i)' ^ a 
Now, define the map a : A (g) A ^ A* by 

a(a <S)b)(c) = (p(c,a,ft), Va,ft,c G A. 



(4.10) 



(4.11) 



a is convolution invertible, the inverse a 1 is given by a 1 (a <8> ft) (c) = (p 1 (c, a, b), for all a, ft, c G A. 
We introduce the following notation, for a* G A* and a G A: 

a* t— a = 5(a) — a* G A*. 

For all a* G A* rat , we define P*(a*) by 

P*(a*) =£P(4 ) )a(5(^ 3) ))a(5 2 (^ 4) )®5(^ 2) ))(^ 0) ^5(a* 5) )). 
We now claim that P*(a*) G for all a* G A*™'. Indeed, for all ft* G A*, we calculate 



(4.12) 



(ft*(l)P*(a*),a) 

(EUS 
( tt.ioy4.ip 



£(ft*,^ 1) P(a* 2) )5(a* 3) ))a(5(a* 5) ))cp(a 1 ,5 2 ( fl * 6) ),5(a* 4) )) 
(a* 0) ,a 2 5 2 (a* 7) )) 

(a* 0) ,a 3 5 2 (a* 7) )) 



(P^j4T2|) = £ft*(ai)(P*(a*),a 2 } = (ft*P*(a*),a). 



Proposition 4.2 Le£ A fte a dual quasi-Hopf algebra and a : A (g>A — > A* ffte ma;? defined in i[ ). 77ze?i 

6* : /, ®A -> A*™', given fty 



Q*(T®a) = £a(5(a 5 ),a(a 6 )a 7 )(r ^ a 4 )a" 1 (5(a 3 ) ® P(5(a 2 ))5 2 (ai)), 
jj a« isomorphism of right A-comodules. 
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(4.13) 



Proof. In the situation where A is finite dimensional, the proof follows from Theorem 2.2 by duality. 
This is why we restrict to proving that 6* is well-defined and has an inverse, leaving other details to the 
reader. For a* G A*, T G f l and a G A, we compute that 

{a*Q*(T®a),b) 

= £a*(ft 1 )cp(ft 2 ,5(a 5 ),a(a 6 )a 7 )r(^(a4))(p" 1 (^4,5(a3),P(5(a2))5 2 (a 1 )) 
= J^{a*,bi(S(a 6 )a(a 1 )as))^(b2,S(a 5 ),a 9 )T(b 3 S(a 4 )) 

(p- 1 (&4,5(a 3 ),p(%2))5 2 (a 1 )) 
= £(( a 8 - i a *) T : ,b 2 S(a 4 ))(p(bi ,S(a 5 ),a(a 6 )a 7 ) 

y- l (b 3 ,S(a 3 ),$(S(a 2 ))S 2 ( ai )) 
= £a*(a 2 )(e*(r®ai),fc) 



1 



hence 



a*6*(r<g)a) =£a*(a 2 )6*(r^ai). 



(4.14) 



From (gj|) it is follows that Q*(T <g>a) G A* rof , as needed. 

J ; (g)A is a right A-comodule with structure induced by the comultiplication on A, and it follows then from 

(fO|) that 8* is right A-colinear. 

We claim that the inverse of 6* is given by 



e*-i : A *^^y®A, e*- 1 (a*)=£p*(^ 0) )®a| 1) , 



(4.15) 



where p(a*) = E a (o) ® a (i) G ® A is defined as in ( |4~9| ). It is clear that 8* 1 is well defined. To show 
that 8* and 6* _1 are each others inverses, we need the following equalities, for any T G Jj and a,b G A: 



£(p(a 2 ,5(fe 2 ),a(fc3)&4)7 T (a 3 5(fei))ai 

= £cp(a 1 ,^ 2 ),a(^)ft 4 )r(a 2 ^ 1 )^ 5 , 
T(aS(b))='£q>{a l ,S(b 2 )a{b 3 ),b 4 ${b5))T{a 2 S(b l )) 

= £(p(P(a 1 )a 2 ,5(fe 2 ),a(fe3)ft4)r(a 3 5(fci)). 



(4.16) 
(4.17) 

Note that these formulas are the formal duals of ( |2.2[ ) and ( |2.3[ ). □ 

Corollary 4.3 Let A be a dual quasi-Hopf algebra. Then A* rat = if and only if j l = 0. 

Corollary 4.4 Assume that a dual quasi-Hopf algebra A has a non-zero left integral. Then the the 
antipode S is injective. If A is finite dimensional, then the left integral space has dimension 1, and the 
antipode S is bijective. 

Proof. Let T be a non-zero left integral, and assume that S(a) = 0. Let S be the algebra antimorphism 
dual to S. If 6* is the map defined by ( 4.13| ) then for all a* G A* and b G A we have: 

{Q*(T®pS(a*)^a),b) = £p(a 2 )a*(S(a 3 ))(e*(r®ai),6) 

= £ P(ag ) a * (S(a 9 ) )<p(b\ ,S{a 5 ),a(a 6 )a 7 )T (b 2 S(a 4 )) 
(p- 1 (b 3 ,S(a 3 ),^(S(a 2 ))S 2 (a l )) 
fl4T7p = £a*(5(a 5 ))r(fe 1 5(a 4 ))cp- 1 ^2,%3),P(%2))5 2 (a 1 ))=0. 
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Since 8* is bijective and T ^ it is follows that &S(a*) a = 0, for any a* G A*. Thus £P(<2 2 )ai 
5(^3 ) = and therefore 

^P(<25)ai ® a 3 ® a 4 ®5(ag) = 0. 
By (4.6) we obtain that a = ^cp _1 (5 , (a2),a(a3)a4, P(a5)5(ae))ai = 0, and S is injective. 



If A is finite dimensional then A* rat = A*. We obtain that 6* : J l cgA — » A* is an isomorphism of right 
A-comodules. The final assertion is then obvious. □ 

Let C be a coalgebra and C* the dual algebra. Then C is a left (right) C* -module under the left (right) 
action ->> of C* on C given by c* c = Lc*(c 2 )ci (c J —c* = £c*(ci)c 2 ), for all c* G C* and c G C. 
Recall that C is called a left (right) quasi-co-Frobenius coalgebra (shortly QcF coalgebra) if there exists 
an injective morphism of left (right) C*-modules from C to a free left (right) C*-module. The coalgebra 
C is called left (right) co-Frobenius if there exists a monomorphism of (left) right C*-modules from C 
to C* or, equivalently, if there exists a bilinear form b : C (g> C — > k which is left (right) non-degenerated 
and C* -balanced, i.e. if b(c,x) = for any c G C (resp. b(x,c) = for any c G C) then x = and 
b(x ^- c*,y) = b(x,c* -^y) for any G C, c* G C*. 

Finally, C* is a left (right) C*-module, so we can consider the left (right) rational part of C*. We will 
denote this C*-submodule of C* by CJ rat (resp. C* rat ). C is called a left (right) semiperfect coalgebra if 
the category c 5Vf (M c ) of left (right) C-comodules has enough projectives or, equivalently, C* rat (CJ rat ) 
is a dense subset of C* (in the finite topology, see []l|], [^] for the Definition). Following []3|], if C is a 
left and right semiperfect coalgebra then C*f ra1 = C* mt := C*™', C* m is dense in C* and C is projective 
generator in the categories C !M and M c . 

It is known that a left (right) co-Frobenius coalgebra is a left (right) QcF coalgebra and a left (right) 
QcF coalgebra is a left (right) semiperfect coalgebra, but the converse implications are not true. There 
are examples showing that none of the three concepts is left-right symmetric. However, if H is a Hopf 
algebra all these concepts are equivalent to H having non-zero left (or right) integrals. We prove now 
that a similar result holds for dual quasi-Hopf algebras. Except for the implication (i) =^> (ii), the proof 
is identical to the proof of [[7], Theorem 5.3.2], so we omit it here. 

Theorem 4.5 Let A be a dual quasi-Hopf algebra. Then the following assertions are equivalent: 

( i) A has a non-zero integral. 

( ii) A is a left co-Frobenius coalgebra. 
( Hi) A is a left QcF coalgebra. 

(iv) A is a left semiperfect coalgebra. 

(v) A has a non-zero right integral. 

( vi) A is a right co-Frobenius coalgebra. 

( vii) A is a right QcF coalgebra. 

( viii) A is a right semiperfect coalgebra. 

(ix) A is a generator in the category A fM (or in (M A ). 

(x) A is a projective object in the category A M (or in M A .) 

Proof, (i) =>• (ii) Let T G A* be a non-zero left integral. We define a bilinear form b : A <g> A —>ka.s follows: 

b(a,b) = Q*(T<g)b)(a),Va,b£A, (4.18) 

where 6* is the map defined as in ( f!.13p . Then, for all a,b G A and a* G A* we compute: 

b(a^a*,b) = ^a* (a\)b{a.2,b) 
( P~T8|) = (a*Q*(T®b),a) 
(|4.14|J4.18D = JV(6 2 )b(a,6i) =b(a,a* ^ b) 
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proving that b is C* -balanced. Now we prove that b is left non-degenerate. If x G A such that b(a,x) = 



for any a G A then 0*(7 , ®i) =0, and it follows from Proposition that x = 0. Thus b is C* -balanced 



and left non-degenerate, so A is a left co-Frobenius coalgebra. □ 

By [§, Proposition 2.2], any subcoalgebra D of a left semiperfect coalgebra C is itself left semiperfect. 
As a consequence of Theorem [4.5[, we therefore have 



Corollary 4.6 Le? Abe a dual quasi-Hopf algebra with non-zero integrals. Then any dual quasi-Hopf 
subalgebra B of A (i.e. a subcoalgebra B of A which is closed under multiplication of A, 1 G B and 
S(B) G 5) has non-zero integrals. 

We proceed with a proof of the uniqueness of integrals for dual quasi-Hopf algebras. First, by [Q, Remark 
5.4.3], if C is a left and right co-Frobenius coalgebra, and M is a finite dimensional right C-comodule, 
then dimytHonic* (C,M) < dim^M (Recall that M and N are in a natural way left C*-modules). 

Proposition 4.7 Let A be a dual quasi-Hopf algebra with non-zero integral. Then dim^ fj = dim^ J" = 1. 



Proof. A is a left and right co-Frobenius dual quasi-Hopf algebra by Theorem |4.5| . k is a right A- 
comodule, and J r = HomA*(A,/c). Thus, f r has dimension at most 1, so this has dimension precisely 
1 since f r ^ 0. Now, if we replace the dual quasi-Hopf algebra A with A op cop then we obtain that 
dimyt f l = 1 . □ 

A result of Radford [^] asserts that a co-Frobenius Hopf algebra has bijective antipode. It is not known 
if a similar result holds for a co-Frobenius dual quasi-Hopf algebra. To this end, we would need the dual 



version of Lemma |2_4|, without the assumption that the antipode is bijective. However, we know that the 
antipode of a co-Frobenius dual quasi-Hopf algebra is injective (Corollary |^4|). We apply this to prove 
the following result: 

Lemma 4.8 Let A be a dual quasi-Hopf algebra with a non-zero left integral T and antipode S. Then 
T oS is a non-zero right integral on A. In particular, S(J}) = f r . 

Proof. We omit the proof, since it is identical to proof of [[7], Lemma 5.4.4]. □ 

The right integral T o S can be described more explicitly. Indeed, let A be a dual-quasi Hopf algebra with 

non-zero left integral T . Then, for all a* € A*, Ta* is also a left integral and Ta* = %(a*)T for some map 

X from A* to k. Since Ta*b* = %(a*b*)T = %(a*)%(b*)T and T = %(e)T, % is an algebra map. 

Let G(C) be the set of grouplike elements of a coalgebra C. From ( fi~6| ) and (4.5), it follows that a 

grouplike element g in a dual quasi-Hopf algebra is invertible, and g~ l = S(g). 

The following result generalizes [^, Proposition 1.3]. 

Proposition 4.9 Let A be a dual quasi-Hopf algebra with a non-zero left integral T. Then there exists a 
grouplike element g in A such that 

(i) Ta* = a*(g)T,for any a* G A*; 

(ii) S{T)=A(g^T), where A £ A* is given by A{b) =Z i a{b 2 )q>-\S{b l ),b 3 ,g), for all b G A. 
Proof. Since T ^ 0, there exists a G A such that T(a) = 1. We will show that 

g = a T = Yj{a\)ai 
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has the required properties. As in Section |3[ we denote by — v and the usual left and right action 
respectively of A on A*, that is 



(b — 1 a*,c) = (a*,cb) and (a* b,c) = (a*, be). 



It is easy to show that 



(a*b* 



(a* 



YM* j -i>iW<-b 2 )\ 

£( bl ^a*)(b 2 ^b*). 



(4.19) 
(4.20) 



Let % G A** be defined as above. For all a* G A*, we have that 

X(a*)=x(a*)T(a) = (Ta* ,a) = J £T(a l )a*(a 2 ) = (a* ,"£t (a,)a 2 ) = a* (g) , 

and therefore To* = %(a*)T = a* (g)T , for any a* G A*, g is a grouplike element, because % is an algebra 
map. 

(ii) Define A : A — > A* given by A(6)(c) = ^a(^ 2 )cp _1 (5(fti),^3,c) for any £>,c G A. Is follows that 
A(&) = A(b)(g), for any ft G A, and A(l) = £. Moreover, by < p~T] ), ( p~5| ) and (i) we have that 



£A(ft 2 )[(r <- S(fci)) - &3] = TA(b) = A{b)T Vb£B. 
Now, the relation in (ii) follows from the following computation, for all b G A 
(A(g^T),b) = Y, A (bi)(T^b 2 ,g)T(a) 

(i) = £A(fci)(r(r^fc2),«) 

SED = E<A(62){[(r^5(6i))r]^fc3},a) 

= £r(5(ft 1 ))(A(ft 2 )(r-ft 3 ),a) since T £ f, 
= (A(l)T,a)(S(T),b) since S(T) G / r , see Lemma fOj 



(4.21) 



□ 



We conclude this paper with a Maschke type theorem for dual quasi-Hopf algebras. Let C be a coalgebra 
and M a right C-comodule. Recall that M is called cosemisimple if for any subcomodule N of M there 
exists a C-colinear map ji : M — > N such that noi = id, where i: N — > M is the inclusion map. C is 
called cosemisimple if any right C-comodule is cosemisimple. 

Theorem 4.10 For a dual quasi-Hopf algebra A,the following statements are equivalent: 

( i) A is a cosemisimple coalgebra; 

( ii) A, viewed as a right A-comodule via comultiplication, is cosemisimple as an A-comodule; 
(Hi) there exists a right integral T G A* such that T(l) = I; 

(iv) there exists a left integral T G A* such that T(l) = 1. 
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Proof, (i) =4> (ii) . is trivial. 

(ii) =>■ (Hi). Let u : & — » A be the unit map of A. k is trivially a right A-comodule. Since m is injective 
there exists an A-colinear map T : A —> k such that T(l) = 1. This means that T is a right integral for A 
and T(l) = 1. 

(iii) =>■ (iv). Let T be a right integral on A such that T(l) = 1. Then T is a left integral on A op cop and 



T o 5 is a right integral on A op cop , by Lemma Therefore, r o S is a left integral for A, and since 
T(l) = 1 it follows that (ToS)(l) = 1. 

(iv) =>• (/). Let 7 £ //be such that T(l) = 1 and M a right A-comodule. Then M (£>A is also a right 
A-comodule right A-action id® A. Pm '■ M — > M®A is an injective right A-colinear map. Moreover, the 
map com : M A —> M given by 

%(w0a) =^a(a3)(p(m( 1) ,5(a 2 ),a4)P(m(3))r(m(2)5(ai))m( ), (4.22) 

is right A-colinear (by ( [4.1 6| )), and oo M o p M = id (by ( fO| ) and (fO|)). 

Now, if is an A-subcomodule of M, then there is a ^-linear map ft : M ^ N such that ft o i = «f, 
where i is the inclusion map i : N — > M. We define ji : M — > A^, ji = (Oa? o (ft g) /J) o p M , where 00;v is 



the corresponding map (4.22) for the right A-comodule Af. Is not hard to see that ft ® id is A-colinear, 
hence Jt is A-colinear. It also follows from the above considerations that ji o i = id, proving that A is a 
cosemisimple coalgebra. □ 
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